Given a set of points in 2 or 3 dimensions, the problem of computing a geometric structure enclosing the point set while optimizing some criteria of the enclosing structure such as area, perimeter, surface area or volume has been widely studied in the literature [1, 2, 9, 7, 11, 16, 3, 5, 4, 6, 17, 14, 18] . In this paper, we are particularly interested in the 2 dimensional setting where the enclosing structure is a triangle. The two natural parameters to optimize in this setting are the area or the perimeter of the enclosing triangle. Both problems are well-studied in the literature. For the former, Klee and Laskowski [11] presented an 3 5 4 6 8 7 @ 9 B A D C E G F time algorithm to compute the enclosing triangle of minimum area and O'Rourke et al. [16] improved this to linear, which is optimal. For the latter, De Pano [9] proposed an 3 5 4 6 G H I F algorithm for computing the enclosing triangle of minimum perimeter. This was subsequently improved by Chang and Yap [7] as well as Aggarwal and Park [2] culminating in the optimal linear time algorithm of Bhattacharya and Mukhopadhyay [3] . In this paper, we study several variants of the problem where the enclosing structure is not an arbitrary triangle, but an isosceles triangle. As we shall see, this constraint changes the problem. For convenience, we will denote the apex of an isosceles triangle by P , the angle at the apex by , the edge opposite the apex referred to as the base by Q and the distance from the apex to the base which is the height by R (see Figure 1) . The natural criteria to optimize when computing an enclosing isosceles triangle are the angle at the apex , the height R , the perimeter or the area. Given an isosceles triangle of fixed angle , one can observe the following. This is a key difference between the optimization problem with isosceles triangles versus arbitrary triangles. This leads the to first optimization problem studied: We end with a limited exploration of a 3D variant of this problem. In this setting, the enclosing structure is a cone with angle at the apex and a circular base, which we call an -cone. We solve 3D versions of Problems 1 and 2 with the additional constraint that the orientation of the -cone is fixed. The general 3D problem is more difficult since there are more degrees of freedom for the problem. We elucidate some of these difficulties and conclude with a few open problems.
Prior to solving Problems 1 and 2, we first investigate a simpler problem which will prove to be useful in the solutions of the other two problems. We assume that all point sets are in general position.
Given a set of points in the plane, we wish to compute an enclosing isosceles triangle with fixed apex angle and a horizontal base that has minimum height. Since the apex angle is fixed and the base is horizontal, the two edges of the enclosing triangle adjacent to the apex have a fixed direction. In order to minimize the height, both these edges must be tangent to the convex hull of the set. Both these tangents can be computed in This simple observation immediately gives rise to an approximation scheme. . This algorithm can be extended to the 3D problem. We continue by developing an exact algorithm whose running time increases by a log factor. However, we will show that this is optimal by providing a lower bound.
We are now in a position to solve the first problem exactly.
Recall that the input is a set of points in the plane and we want to compute the enclosing isosceles triangle with fixed apex angle that has minimum height. Observe that the optimal solution must have at least one point of on each edge of the triangle. This reduces the search space for the optimal solution. In 2 dimensions, we define an on the other ray, as we rotate the orientation slightly in a clockwise or counter-clockwise fashion, these two points of contact do not change for minimal -wedges in those directions. It is not until a second point of the convex hull touches one of the two rays does the contact point change. Therefore, for a fixed pair of contact points and , the locus of apices of minimal -wedges forms an arc of a circle since is fixed. By modifying the rotating calipers algorithm [19, 15] , we can rotate the -wedge around the convex hull and compute the sequence of (at most linear number of) circular arcs, which we will call an -cloud [18] , representing the set (See Figure 2) . 
Theorem 4 The locus of apices of minimal
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The -cloud consists of a sequence of at most a linear number of circular arcs. We next show how to compute an enclosing isosceles triangle of minimum height where the apex is constrained to lie on one circular arc of the -cloud. If the apex lies on one arc, then each of the sides of the enclosing triangle adjacent to the apex is in contact with at least one point of 8 4 F
. Let be in contact with one side and § the other. As the apex slides over the circular arc, the base of the triangle is also in contact with a point. This third point may change multiple times. Let us first restrict our attention to the situation where the point u §
on the base of the triangle is also fixed. A counting argument shows that the total number of triples of contact points examined over the whole -cloud is linear. Since for each triple, the solution can be found in 
In this setting, we wish to compute an enclosing isosceles triangle of fixed height R , and minimize the apex angle. The intuition behind the solution is similar to the solution where we minimize the height, except the details are a little more tedious. The complete details of the algorithm are available in the full version of the paper. We outline the main ideas. First, similar to the former problem, we note that if the orientation of the enclosing triangle is fixed, minimizing the angle can be done in linear time. . We assume that the points are in general position. Recall, that the enclosing structure is a cone with angle at the apex and a circular base. We will call this an -cone. We wish to compute an enclosing -cone whose base is contained in a horizontal plane with minimum height. This is the 3D equivalent to the 2D problem addressed in Subsection 2.1.
Proposition 7 Given a set of points in the plane
In the optimal solution, excluding the base of the cone, only the vertices of the upper hull of 8 4 F
can be in contact with the cone. We proceed as follows. has at least three (in some cases two) contact points. Knowing the center and radius of , we can compute the apex of the vertical -cone of minimum height.
Since computing the smallest enclosing circle can be done in linear time [13] , we conclude with the following. Notice that for any given direction there always exists an -cone in that direction. The -cone with minimum height has at least one point on its base. 
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